ABSTRACT: Let G be a finite group and N be a normal subgroup of G. We define an undirected simple graph Γ N ,G to be a graph whose vertex set is all elements in G \ Z N (G) and two vertices x and y are adjacent iff
INTRODUCTION
There are many graphs which are associated with groups: for instance, prime graphs 1 , non-cyclic graphs 2 , and conjugate graphs 3 . An important one is the non-commuting graph. Let G be a group. Then the non-commuting graph of G, denoted by Γ G , is a graph whose vertices are elements of G \ Z(G) and two distinct vertices x and y are adjacent if x y = y x. Neumann 4 obtained the first remarkable result on the non-commuting graphs by answering a problem of Erdős. From that time on, noncommuting graphs have been studied extensively in the literature 5, 6 . The aim of this paper is to give a generalization of the non-commuting graph of a group G with respect to a given normal subgroup N of G. In the next section, we introduce the generalized noncommuting graph G through a normal subgroup N of G denoted by Γ N ,G and state some of the basic graph theoretical properties of this graph which are mostly new or a generalization of some results in Ref. 5 . We also give a connection between Γ N ,G and the probability that the commutator of two arbitrary elements of G belongs to the normal subgroup N of G. We also state some conditions under which the graph is regular or strongly regular.
GENERALIZED NON-COMMUTING GRAPH
Definition 1 Let G be a finite group and N be a normal subgroup of G. The non-commuting graph of G can be generalized using the subgroup N is such a way that its vertices are G \ Z N (G) where Z N (G) = {g ∈ G : gN ∈ Z(G/N )} and two distinct vertices are adjacent when [x, y] / ∈ N . This graph is denoted by Γ N ,G .
Notice that if N = 1 then the graph Γ N ,G is the ordinary non-commuting graph of G. Clearly, N ⊆ Z N (G) and so the elements of N do not belong to the vertex set of Γ N ,G . One can easily see that the graph Γ N ,G is null whenever G is abelian or N = G. Hence, throughout this paper, it is always assumed that G is a non-abelian group and N is a proper normal subgroup of G.
We also note that if will be used frequently in the proof of next results.
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Lemma 1 Let G be a group and N be a normal
for all n, n ′ ∈ N .
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By the above lemma, it can be easily check that is never an empty graph.
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Definition 2 Let G be a group and N be a normal 
Now, we obtain diameter and girth of the graph 
By the above lemma, it can be easily checked that the graph Γ N ,G does not have any isolated vertex and is never an empty graph.
Definition 2 Let G be a group and N be a normal subgroup of G. Then for every x ∈ G, Proof : Suppose on the contrary that Γ N ,G is complete. Then
Proof : Let a, b be two non-adjacent vertices. Then there exist x, y such that
It is obvious that x y is a vertex and therefore x y is adjacent to both x and y. Hence diam(Γ N ,G ) = 2.
Theorem 3 A lower bound for the minimum degree of vertices of Γ N ,G , which we denote by δ(Γ
Proof : Let x be an arbitrary vertex of Γ N ,G . Since Γ N ,G does not have any isolated vertex, there exists a vertex y adjacent to x. Hence x ∼ n y for all n ∈ N . Since x y is a vertex of Γ N ,G adjacent to x, we have x ∼ nx y for all n ∈ N . As x y = y x, x ∼ n y x for all n ∈ N , from which it follows that δ(Γ N ,G ) 3|N |.
Proposition 1 Let G be a non-abelian group and N be a normal subgroup of G. Then
The proof is similar to that for Proposition 2.2 in Ref. 5 .
An Eulerian tour is a walk which passes every edge exactly once. A graph is Eulerian if it contains an Eulerian tour. In the following propositions, we determine some conditions for N and G when the graph Γ N ,G is Eulerian. 
Proposition 3 If
is a subgroup of G, its order is odd and hence deg(x) is even. The result follows by Theorem 4.1 in Ref. 8. In the following theorem, we give a lower bound for the chromatic number χ(Γ N ,G ) of the graph Γ N ,G .
Theorem 4 Suppose
∈ N }|, then we need at least t j + 1 colours in order to colour Γ N ,G and again
We now may state some results for the dominating number of the graph Γ N ,G . A subset of the graph is a dominating set if every vertex which is not in the subset is adjacent to at least one member of the subset. The size of the minimum dominating set is called the dominating number.
Theorem 5 Let G be a non-abelian group and N be a normal subgroup of G such that x N is a dominating set for
Consequently, x a is a vertex. We now have [x a, x] = [a, x] ∈ N and so x a is not adjacent to x which is a contradiction. If x 2 = 1, then x −1 = x and again x −1 is not adjacent to x is a contradiction. The last part directly follows from the point that x is a vertex in the dominating set and
A cut-set of Γ N ,G is a set of edges of the graph which, if removed, disconnects the graph. The vertex connectivity of Γ N ,G , denoted by κ(Γ N ,G ), is the minimum size of all cut sets. In the following proposition we determine the vertex connectivity of Γ N ,G . The commutativity degree d(G) of a finite group G is the probability that two randomly chosen elements of G commute. We may extend it to the commutativity degree of G with respect to a normal subgroup N of G, denoted by d N (G):
Proposition 4 Let G be a non-abelian group and S be a cut set of
It is obvious that if
Utilizing the above definition, we may find a formula for the number of edges of Γ N ,G .
Lemma 2 The number of edges of
.
On the other hand,
and the result follows.
Using the above lemma, we obtain the following inequalities.
Proposition 5 Let G be a finite group and N be a normal subgroup of G. Then
Proof : They follow from Lemma 2 and an upper bound A graph is k-regular if every vertex has degree k. Also, a k-regular graph with n vertices is called strongly regular with parameter (n, k, r, s) if it is neither empty nor complete such that any two adjacent vertices are adjacent to r common vertices and any two non-adjacent vertices are adjacent to s common vertices.
Theorem 6 If Γ N ,G is a k-regular graph, then |N | divides k.
Proof : Let x ∈ V (Γ N ,G ) and y be a vertex adjacent to x. Then x ∼ y n for all n ∈ N so that |N | divides deg(x). Since deg(x) = k, it follows that |N | divides k, as required. To prove the next theorem, we need the following lemma concerning AC-groups. A group is an ACgroup if its nontrivial centralizers are abelian.
Lemma 3
The following statements are equivalent:
; (iv) if A and B are subgroups of G such that Z(G) ⊂ C G (A) ⊆ C G (B) ⊂ G, then C G (A) = C G (B).
Proof : See Lemma 3.2 in Ref. 10 .
Corollary 1 If Γ N ,G is a strongly regular graph with parameters (n, k, r, s), then G/N is an AC-group.
Proof : Let x, y be two non-adjacent vertices. Then
Then t is adjacent to x and y. The number of common neighbours of x and y are equal and is k, so we should have 
where N (x) is the set of neighbours of x. In the following two propositions, we give a link between this graph and the nilpotency property in group theory. A graph is called 1-planar if it can be drawn in the plane in such a way that each edge is crossed by no more than one other edge. Note that graphs K 7 , K 3,7 and K 4,5 are not 1-planar in Ref. 12 .
Lemma 4
There is a vertex in Γ N ,G whose order in G is greater than 2. Figure ? ?,
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hence it is not 1-planar. Figure ? ?,
hence it is not 1-planar. Proof : Suppose on the contrary that x 2 = 1 for all x ∈ V (Γ N ,G ). Let x and y be two adjacent vertices. Then [x, y] / ∈ N and hence 1 = (x y) 2 / ∈ N which is a contradiction. Hence it is not a 1-planar graph. Also, if G ∼ = T , then Γ N ,G has a subgraph isomorphic to K 4,5 as drawn in the right of Fig. 3. Hence it is not 1-planar. Finally, if G ∼ = D 14 , then Γ N ,G has a subgraph isomorphic to K 7 so that it is not a 1-planar graph.
A graph is called outer planar if it can be drawn in the plane without crossing edges in such a way that all vertices belong to the unbounded face of the drawing.
Theorem 11
The graph Γ N ,G is never an outer-planar graph.
Proof : If |N | 2, then clearly Γ N ,G is not planar by Theorem 9 and consequently is not outer planar. Thus we may assume that N = 1 and that Γ N ,G is outer planar. Hence w(Γ N ,G ) 3. As in the proof of Proposition 2.3 in Ref. 5 , one can show that |G| 8. The only non-abelian groups of order less or equal to 8 are S 3 , D 8 and Q 8 for which the graph Γ N ,G has a subgraph isomorphic to K 2,3 , which is a contradiction. Hence Γ N ,G is not an outer planar graph.
